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ABSTRACT

In this work the authors are concerned with the discontinuous dynamical system representing the problem of the logistic
retarded functional equation x (£) = px (¢-r)[1-(¢-2r)], te(0,T]andp,r>0, x(¢)=x, t<0.The existence of aunique solufion
x € L'[0,T]which is continuously dependence on the initial data will be proved. The local stability at the equilibriurm points
will be studied. The bifurcation analysis and chaos will be discussed.
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1. INTRODUCTION
Let >0 and consider the problem of retarded functional equation
x@)=f(x@¢-r), te(OT], (.1
.\‘(I):xo, t <0. (1.2)
Letz e (0,r],then¢-r e(-r,0]andthe solution of (1.1) - (1.2)is given by
x(@)=x,@)=f(x,), 1€(,r]
Fort e (r,2r],wefindthat¢- r €(0, ] and the solution of (1.1) - (1.2) is given by
X(O)=x,@)=f(,@)=f"(x,), te(2r]
Repeating the process we can deduce that the solution of the problem (1.1) - (1.2) isgiven by
x(@)=x,0)=/"0,), te(n-Dr,nr],
which is continuous on each subinterval (K —Dr,kr), k =1,2,...,n, but
Hm x ., (0 =/ (60) %, (0),
which implies that the solution of the problem (1.1) - (1.2)is discontinuous (sectionally continuous)on (O, 71.
So, we can give the following definition,
Definition 1.1 Let 7,,7,,...r, > 0. The discontinuous dynamical system is the problem of retarded functional equation.
x(O)=f,x(t-n)xt-ry)..x@t-r)), te(0I] and x(t)=x, =<0 (1.3)
Definition 1.2 The equilibrium points of the discontinuous dynamical system (1.3) is the solutions of the equation,
x@t)=f({t,x,x,...,x).
Consider now the discontinuous dynamical system of the Logistic retarded functional equation with two different delays,
xt)=px@t—r)l-x(-2r)], te<(0T] (1.4)
x(t)=x,, t <0. (1.5)

We study here the existence of a unique continuously dependent solution x € L'ofthe problem (1.4)- (1.5). The asymptotic
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stability (see [1][2][3][4][5][6][7]) ot the equilibrium points will be studied. The bifurcation and chaos, for some different values
of r, will be also studied. To compare our results we take r = 1 and we compare the results with the results of the discrete
dynamical system of the Logistic difference equation

X, =px, -, 5) n=l2... (1.6)
2. Existence and Uniqueness
Let L'=L'[0,T], T < betheclassof Lebesgue integrable functions on [0, T with norm
IAI=f1r ©lde, £ <L
Let D={x eR: 0<x(t)<l, t (0T ]and x(¢)=x,, ¢ <O}.
Definition 2.1 By a solution of the problem (1.4) - (1.5)we mean afunction x e L' satisfying the problem (1.4) - (1.5).

Theorem 2.1 The problem (1.4) - (1.5) has a unique solution x € L

Proof. Define, onD, the operator F:L' —» L' by
F@t)y=px@—r)l-x@-2r)]
The operator F makes sense, indeedfor x € D we have
|Fx (t)|£ p|x(t —r)|
and
||Fx (t)" < p(rx0+||x ||)
Nowfor x,y €D, wecanobtain
| Fx —Fy |<|px(t—r)A=x(t=2r)—py @ —r)1-y(t-2r))|<
<plx-r)=y@-rl+p|x-2r)-y@-2r),
which implies that
T T
|Fx —Fv| < p.[o |x (t —r)—y(t —r)|dt +pj0 |x (t —2r)—y (t —2r)|dt =
= p[I0r|x(t —r)—y(t—r)|dt +Jrr|x t—r)-y@—r)|dt+
2r T
+[lx@-2m -y -2mde+ [ |x @ -2r)—y @ -2r)dt 1=
T T
= p[J.y |x(-r)-y@ —r)|dt+Lr|x (t=2r)—y(-2r)|dt]<
T —r T-2r
<plf, [x©)=y©@)]do+[ "[x(0)-y@ldols
<plf [x©)-y©)]d0 +] |x @)~y ©@)|do]l<
S2p||x —y”.
If P<%,Wededuce’rho’r
| Fx = Fyl<]x -]
andthenthe problem (1.4) - (1.5) has, on D, aunique solution x € L'
3. Continuous dependence on initial conditions
Considerthe problem
x(@)=px@-r)l-x@-2r)], te(0,T],
% )=2%0, 1 <0, (3.1)
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Forthe continuous dependence of The solution of (1.4)-(1.5) on the initial data we have the following theorem.

Theorem 2.2 The solution of the discontinuous dynamical system represents the problem of the logistic retarded functional
equation with two different delays is continuously dependent on the initial data.

Proof. Letx (/) and x* (7) be the solution of the two problems (1.4) -(1.5) and (1.4)-(3. 1) respectively, then,
k@O -x"@O|spfr-r-x"C-r)|+p@-2r)-x"(t-2r)

b

whichimplies that
[ @0)-x ") < pj0T|x (t=r)=x"(=r)|di+ pj0T|x (t ~2r)=x"(c~2r)|dt =

r . T .
=p[j0|x(z—r)—x (t—r)|dt+J‘r |x (¢ =r)=x (¢ =r)|dr +

+j02"|x(¢—2r)—x*(t—2r)|dz+Li|x(z—2r)—x*(z—2r)|dt]=
= p[|xO —x;|_|:dt+ ||x —x*||+|x0—x;|j02rdt + "x —x*"]S

< p(3r)|xo —xZ|+2p||x —x*",

whichimplies
= e 22 il
and prove that
ro=wil<s = flx - - 22,

andthe theorem is proved.
4. Equilibrium Points and their asymptotic stability
The equilibrium points of (1.4) are the solution of the equation
PX g (I=x ) =Xy,
which are
(‘x eq )1 = 05

1
(xeq)2:1_;'

The equilibrium point of (1.4) is locally asymptotically stable if all the roots A of the equation,
I=p[(l—x A" -x,, A7%], (4.1)
satisfy [ <1 (see[8]).
Then the equilibrium point Xog = 0 islocally asympftotically stable if p < 1 while the second equilibrium point x eq = 1——
is locally asymptotically stable if all the roots A of the equation, P
A 2T #ip -1 =0 (4.2)
satisfy [A| <1

The equilibrium point Xeg = 0is locally asymptotically stableif 0<p <1 which is the same as in the discrete case (1.6).
Also, whenr = 1, we deduce that the equiliorium point x., zlpr, p >1is locally asymptoticallystableif 1< p <2, which is
the same asinthe discrete case (1.6).

Instudying (1.4)-(1.5) it may be useful to study the difference equation (1.6).
5. Bifurcation and Chaos

In this section, some numerical simulations results are presented to show that dynamics behaviors of the discontinuous
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dynamical system (1.4)-(1.5) change for different values of randT. To do this, we will use the bifurcation diagrams as follow:-

Example 1

1.wetaker=1and t e [0, 200], in this case, we get the same behavior asin the discrete case (Figure 1).

2. wetaker=2and t [0, 200] (Figure 2).
3.wetaker=1.5and 1[0, 200] (Figure 3).
Example 2

1.wetaker=0.1and t €0, 20] (Figure 4).
2.wetaker=0.2and t € [0, 20] (Figure 5).
3.wetaker=0.3and t e [0,20] (Figure 6).

X(t)

0.8 -

0.6

0.4
0.2
0.5 A 1?5 o :Tr_}
Figure 1. Bifurcation diagram of map (1.4) - (1. 5)
with respecttop, r=1and t € [0, 200]
X(t)
1.0
0.8 '!
n,r‘: r
¢
0.4
0.2 .
0.5 1.0 1:5 Zj(J
Figure 2. Bifurcation diagram of map (1.4) - (1. 5)
with respectto p,r =2 and t € [0, 200]
x(U)
1.0
0.8
0.6
0.4+

0.5 1.0 1.5 2:0

Figure 3. Bifurcation diagram of map (1.4) - (1. 5)
with respect to p, r = 1.25 and t € [0, 200].

X(t)
0.8
0.6 -
0.4
0:2 -

0.5 1.0 15 2.0
Figure 4. Bifurcation diagram of map (1.4) - (1. 5)
with respectto p, r = 0.1 and t € [0, 20].

x(t)

1.0 |
0.8 - ,!
0.6 - r
0.4 f
0.2 .

0.5 1.0 175 2.0
Figure 5. Bifurcation diagram of map (1.4) - (1. 5)
with respectto p,r = 0.2 and t € [0, 20]
x(t)

1.0 .
0.8

0.6

04 [

0.5 1.0 15 20

Figure 6. Bifurcation diagram of map (1.4) - (1. 5)

with respectto p, r = 0.5 and t € [0, 20]
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From Figures (1 o 6) the authors deduce that the change of r and T effect of stability of the Logistic equation model, occurs
of a bifurcation point, parameter sets for which a periodic behavior occur and parameter sets for which a chaotic behavior
occur.,

Conclusions

The discrete dynamical system of the Logistic equation model describes the dynamical properties forthe caser = 1 andthe
fimeisdiscretet=1,2,3.4,....

Onthe other hand, the discontinuous dynamical system of the Logistic equation model describes the dynamical properties
for different values of the delayed parameterr e R* and the timet [0, T]is continuous.

Figures (1 & 4) agrees with the results of the asymptotic stability, this confirm that our numerics are correct. Also from figures
(1.4and 2,5), itlocks like that there is a scale that gives identical chaos behavior.

This shows the richness of the models of discontinuous dynamical systems.
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